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CONSTRUCTIBLE SHEAVES ARE HOLONOMIC 


A. Beilinson 

To Joseph Bernstein 


Abstract. We develop the theory of singular support for etale sheaves on algebraic 
varieties over an arbitrary base field. 


In [KS] Kashiwara and Shapira, motivated by the theory of holonomic P-modules, 
have shown that for any constructible sheaf 7^ on a manifold X each component of 
its singular support SS{r) has dimension dim A. Here S'S'(A) is the smallest closed 
conical subset of the cotangent bundle T*X, such that (locally on X) every function 
/ with df disjoint from SS{T) is locally acyclic relative to T. In this article we 
establish a similar result for etale constructible sheaves on algebraic varieties over 
an arbitrary base field k. Our tools are Brylinski’s Radon transform [B] (which is 
a global algebro-geometric version of the quantized canonical transformations from 
[SKK]) and a version of the Lefschetz pencils story [Katz]. 

As was observed by Deligne [D2], if the characteristic of k is finite then, in con¬ 
trast to the characteristic zero case (either for constructible sheaves or X>-modules), 
the components of SS{T) need not be Lagrangian (see examples in 1.5 below). 

Recently Takeshi Saito [S] defined the characteristic cycle CC{X), i.e., equipped 
the components of SS{J-) with multiplicities, and established its basic local and 
global properties (the Milnor type formula for the total dimension of vanishing 
cycles and the global Euler characteristic formula). 

I am very grateful to Pierre Deligne, Volodya Drinfeld, Dennis Gaitsgory, Luc 
Illusie, Sasha Kuznetsov, and Takeshi Saito for valuable comments, suggestions, and 
corrections. I learned about the singular support and the Radon transform from 
Joseph Bernstein at the end of the 1970s; this article is a small token of gratitude. 

1 Main results 

1.1. Conventions and notation. We fix a base field fc; let p be its characteristic. 
For us “variety” means “fc-scheme of finite type”. A variety X is smooth if it is 
smooth relative to k; for a smooth X we denote by T*X = T*{X/k) the cotangent 
bundle relative to fc. A map f : X ^ Y of smooth varieties yields a map of vector 
bundles df : T*Yx ■= T*Y Xy X ^ T*X. For a vector bundle V on X, we denote 
by P{V) its projectivization (for x G X a point of the fiber P{V)x is a line in V^). 
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For a closed conical (i.e., Gm-invariant) subset C of V, we have its projectivization 
P(C') which is a closed subset of P{V). The image of C in X is called the base 
of C; this is a closed subset of X. A test pair on AT is a correspondence of type 
X U —^ Y ; we denote it by (/i, /) : AT ■(— {7 —>■ Y. 

We fix a prime ^ different from p; “sheaf’ means “bounded constructible complex 
of etale Z/£”-sheaves”, D{X) is the derived category of sheaves on a variety X. A 
test pair (/i, /) as above is said to be F-acyclic for F € D{X) if / is locally acyclic 
relative to h*F (see [Dl] 2.12). Thus (idx,idx) is P-acyclic if and only if F is 
locally constant, i.e., all the cohomology TVF are locally constant. 

1.2. Let be a smooth variety, and let C be a closed conical subset in T*X. 

A map h : U ^ X with U smooth is C-transversal at a geometric point u G U 
if Ker(d/i„) n Ch(u) \ {0} = 0d A map f : X ^ Y with Y smooth is C-transversal 
at a geometric point x G X ii {dfx)~^{Cx) \ {0} = 0. We say that f or h is 
C-transversal if it is C-transversal at every geometric point. 

Lemma, (i) C-transversality is an open property: for / as above the set of x G X 
such that f is C-transversal at x is open; ditto for h and u G U . 

(a) If h as above is C-transversal, then the map dh\cu ■ CjJ ■= C Xx U -G T*U is 
finite. Therefore its image h°C is a closed eonieal subset of T*U. 

Proof, (i) The preimage {df)~^{C) is a closed conical subset of T*Yx. The image 
of P{{df)~^{C)) is closed in X, and our set of x’s is its complement. In the case of 
h, our set of u’s is the complement to the image of P{Cu H Kei{dh)) in U. 

(ii) We can assume that U is affine, U = Spec A. Then Cu = Spec P,T*U = Spec R 
where P and R are Z-graded A-algebras (due to the Gm-actions), and A = R/I, 
I := i?>o- The map dh\cu comes from a morphism of graded algebras R ^ P. 
Since the gradings are nonnegative, a set of homogenous elements of P generates 
P as an i?-module if (and only if) its image generates P/IP as an A-module. Thus 
the map dh\cu is finite if (and only if) it is finite over the zero section of T*U, 
which is the C-transversality condition. □ 

Notice that if h is smooth, then it is automatically C-transversal and h°C = Cu- 
If / is C-transversal, then it is smooth on a neighborhood of the base of C. 

A test pair (/i, /) as in 1.1 is said to be C-transversal at a geometric point u G U 
if U and Y are smooth, h is C-transversal at u and / is /i°C„-transversal at u. By 
the lemma, C-transversality is an open property with respect to u G U. We say 
that (h, /) is C-transversal at a subset S' of C if it is C-transversal at every u G S; 
ii S = U, then we simply say that {h, f) is C-transversal (which means that h is 
C-transversal and / is C-transversal). Notice that a C-transversal test pair is 
C'-transversal for every C' C C. 

Examples, (i) If C is the zero section of the cotangent bundle of AT, then {h, /) is 
C-transversal if and only if / is smooth. 

(ii) {h, f) is r*Ai-transversal if and only if the map hxf: U^XxY is smooth. 

For a map of smooth varieties r : X ^ Z and a closed conical subset C of T*X 
whose base is proper over Z, we denote by TqC the closed conical subset of T*Z 
defined as the image of (dr)(C) C T*Zx 2 Ar by the projection r*Zx 2 Ar -gT*Z. 

^The terminology of [KS] 5.4.12 is “h is non-characteristic for C.” 
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1.3. Our aim is to assign to each sheaf -F on a smooth variety X a closed conical 
subset SS{X) of T*X, so that for every S'S'(J')-transversal h : U ^ X one has 
SS{h*T) C h°SS{T), every S'S'(J^)-transversal f : X is locally acyclic relative 
to X, and to do this in the most economic way possible. We proceed as follows: 

Let X be a smooth variety, X € D{X). We say that X is micro-supported on a 
closed conical subset C of T*X if every C-transversal test pair is J^-acyclic. 

Consider the set C{X) of all C’s such that X is micro-supported on C. If C S 
C{X) and C D C, then C G C{X). Our C{X) is not empty: 

Lemma. One has T*X G C{X). 

Proof. Let px,PY ■ X x Y —>• X, F be the projections. Then py is locally acyclic 
relative to Px^^ by [Dl] 2.16. We are done, since for any test pair (h,/) as in 1.1 
one has h*X = {h x f)*{p*^X), and for a T*Ar-transversal {h, /), the map h x f is 
smooth (see Example (ii) in 1.2). □ 

We say that X has singular support if C{X) has the smallest element. The latter 
is denoted then by SS{X) = SS{X, X/k) and called the singular support, or micro¬ 
support of X. 

Theorem, (i) Every X has singular support. 

(ii) For a connected X each irreducible component of SS{X) has dimension dim AT. 
For the proof of (ii) see 4.10; (i) and the upper bound for dimS'S'(J^) are in §3. 

Remark. If the characteristic p of fc is zero then, by Kashiwara-Schapira [KS], every 
component of SS{X) is a Lagrangian cone.^ 

Question (Drinfeld). Which conical irreducible subsets C C T*X of dimension 
dim AT can be realized as components of SS{X) for some X G D{X) in case p > 0? 

By Deligne [D3], if AT is a surface, then every C can be realized in this manner.^ 

Example. Set V := Specfc[a:,t]; for g G k[x,t] let rg -.V be the map {x,f) i-A- 
{g{x,t),t). Consider the polynomials go{x,t) := x^ -\- xf^ and gn(x,t) := x^ -I- xt, 
n > 1; set Xn '■= rn*1‘l(-v G Diy) where := Xg^. Then SS{Xn) is the union of 
the zero section of T*V and the cone Cn over the a;-axis {t = 0) generated by the 
section dx ii n = Q and dx — x^^^ dt ii n > 1.^ Notice that Co is not Lagrangian 
and Cn, n > 1, is a Lagrangian cone that is not conormal to its base. 

^Proof (Kuznetsov), (a) By Theorem 1.3(ii) it is enough to show that SS{iF) is isotropic, (b) 
By 1.4(ii) we can assume that is an irreducible perverse sheaf, hence it is the middle extension 
of a local system Tr] at the generic point of a closed irreducible subscheme Y of X. (c) By 1.4(ii) 
it is enough to find some T' € D{X) supported on Y such that is a local system that contains 
Xrj and SS{J^') is isotropic, (d) To that end we find, by de Jong, a proper map r : Z ^ X with Z 
smooth and irreducible of dimension dimT such that r(Z) = Y and the local system r*Xr] on the 
generic point of Z is trivial. Let Q be the constant sheaf on Z with fiber r*Xrj. Then T' := is 
the sheaf promised in (c): indeed, SS{f5^ is the zero section of T*Z by 2.1(iii) hence is isotropic, 
SSi^Q') C VoSSi^Q') by 2.2(ii), and r© sends isotropic cones to isotropic cones. 

^Deligne shows that every C that is not a conormal can be identified etale locally at the generic 
point with one of Cn’s from the next example. 

"^Proof. The map Xn is finite, so SS{Xn) C VnoSSiJ^Iiy') by 2.2(ii). Since SS{'Ll£.y) is the 
zero section of T*V (see 2.1(iii)) and Vn is etale over the complement to the ai-axis, an immediate 
computation shows that rnoSS('L/^y) is the union of Cn and the zero section of T*V. Now 
SS{J^n) contains the zero section of T*V since Xn is nonzero at the generic point of V, and 
SS(Xn) is not equal to the zero section at the generic point rjx of the x-axis since J^n is not 
locally constant there (use 2.1(iii)). We are done since every closed subcone of Cn other than Cn 
is contained in the zero section at r)x. 
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Exercise. An irreducible Lagrangian cone C C T*X with smooth base Y coincides 
with the conormal bundle to Y if (and only if) the projection C —> F is smooth at 
the generic point of C. 

1.4. Here are some other useful properties of SS (to be proved in 4.10): 

Theorem, (i) For a smooth map n : Z ^ X one has SS{tt*T) = Tr°SS{iF). 

(ii) If {J-a} are perverse Jordan-Holder constituents^ ofT, then SS{F) = VIaSS{Fa) 
(Hi) Compatibility with the base field change: Let k'/k he any extension of the base 
field, and let Tk' he the pullback of T to Xk' := X Ztk k'. Then the closed subsets 
SS{iF,X/k)k> and SS{iFk',Xk'/k') of (T*X)k' = T*{Xk>/k') coincide. 

1.5. The next apparent weakening of the above notion is useful. We say that T is 
weakly micro-supported on a closed conical subset C oiT* X if every C-transversal 
test pair (h, f) that satisfies the next two extra conditions is J^-acyclic: 

- / is a function, i.e., f : U —5- F = A^; 

- if A: is infinite, then :[/—>■ X is an open embedding; if k is finite, then h is the 
composition U = Vk' := V Z>k k' ^ V ^ X where V is an open subset of X and k' 
is a finite extension of k. 

The set C’{IF) of all closed conical subsets of T*X on which X is weakly micro- 
supported is a filter® (the assertion with “weakly micro-supported” replaced by 
“micro-supported” is 1.3(i), and it is not evident). Denote by SS'^{iF) its minimal 
element. Explicitly, SS^{iF) is the closure in T*X of the set of all points {x, df{x)) 
where x is a closed point of X and / is a function on a Zariski neighborhood^ of x 
which is not locally acyclic relative to X at x. 

Clearly SS^{iF) C SS{iF) so 1.3(ii) implies that dimS'S'“’(J^) < dimAT; this 
assertion was conjectured by Deligne in [D2]. The next result is proved in 4.9: 

Theorem. One has SS^{iF) = SS{T). 

1.6. The Radon and Legendre transforms: a reminder. The main tool used in the 
proofs is Brylinski’s geometric Radon transform. We recall the definition and list 
the key properties that we will need. See [B] for details. 

Let F be a vector space of dimension n -I- 1, its dual. Let P, P^ be the 
corresponding projective spaces, let Q ^ P x P^ be the incidence correspondence, 
and let : Q =1 P, P^ be the projections. For x € P, € P^ we denote by 

Qx, Qx'^ the corresponding fibers (so x is a line in F and Qx is the hyperplane in 
P^ formed by lines in F^ orthogonal to x). For (x,x^) G Q the tangent spaces to 
the fibers Qx, Qx'^ at (x,x^) intersect trivially, so the orthogonal complement to 
^{x,x'^)Qx ^{x,x'^)Qx'^ C. T^x,x'^)Q a line I^(^x,x'^) C ^(^x,x'^)^' 

1.6.1. We have the Radon transform functors R := pfp*[n — 1] : I?(P) —D(P^) 
and := — 1] : D(P^) —> I?(P). For K, € D(P^) one has: 

(i) R and R'^(n — 1) (the Tate twist) are (both left and right) adjoint; the cones 

H.e., {Fc} are irreducible perverse sheaves that can be realized as subquotients of some per¬ 
verse sheaf cohomology 

®To check that (71,02 € C' (T) implies Ci H (72 G C'{T) notice that if a test pair (/i, /) as in 
1.1 with dimy = 1 is Ci fl C 2 -transversal, then locally on U it is either Ci- or (72-transversal. 
The latter assertion need not be true if dimT > 1 (consider cones Ci, C 2 that are nonzero with 
zero intersection at the generic point of X and (/?,, /) = (idx, idx))- 

^With modification as above in case k is finite. Indeed, the modification is needed to ensure 
that SS'^(X) for T a skyscraper sheaf ot x ^ X equals T*X. 
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of the adjunction maps RR'^{JC){n — 1) —> /C, /C — 1) are locally 

constant.® 

(ii) If /C is a perverse sheaf, then the perverse cohomology sheaves ^WR^ilC) are 
locally constant for i yf 0. If /C is locally constant, then so is R'^{JC). 

(iii) If /C is an irreducible perverse sheaf which is not locally constant, then R'^ (IC) 
has single not locally constant irreducible perverse sheaf in its Jordan-Holder series. 

1.6.2. One has the Legendre transform identifications P(T*F) Q ^ P(T*¥'^) 
compatible with the projections to P and P'^ respectively. The left arrow assigns 
to (x,x'^) G Q the point [Xx'^x) G P(T*P)x that corresponds to the conormal line 
■^x^x C T*P to the hyperplane Qx^ at x. The right arrow is defined dually. 

For (x, x^) G Q consider the embeddings r*P x'^)Q T*vP^. The two 

vector subspaces intersect transversally by the line X(^x,x'')j and one has dp^Xx'Jx) = 
X{x,x'^) = dp^iXxx'^)- Thus T*^ a;V)(5 is the direct sum of T*P and T*vP^ with the 
lines Xx'^x and Xxx'^ identified. 

Remark. The line subbundle A of T*Q is a contact structure on Q, and the Legendre 
transforms identify it with the canonical contact structures on the projectivizations 
of the cotangent bundles to P and P^. 

1.7. Let us explain how to recover, after a Veronese embedding, the singular support 
of any sheaf on P from the ramification divisor on the Radon transform side. The 
theorems in 1.3, 1.4, and 1.5 are deduced from this. 

We return to the setting of 1.6. Let i = id : P ^ P be the Veronese embedding 
of degree d > 2. Thus P is a projective space of dimension Nd = (”d^) — 1 and 
points of P^ are degree d hypersurfaces in P. Let p,p'^ : Q =1 P, P^ be the incidence 
correspondence and let R, R^ be the Radon transforms. 

A closed conical subset C of T*P yields the closed conical subset ioC of T*P; let 
P{ioC) C P(T*P) = Q be its projectivization, and let Dc be the image of P{ioC) 
in P^. 

Let F G iA(P) be any sheaf. Consider the Radon transform R{i^,T) G D{V'^). 
Let Djr be the smallest closed subset of P^ such that R{it,F) is locally constant on 
the complement P^ \ Djr. 

Theorem. Djr is a divisor. For every its irreducible component D.y there is a 
unique irreducible closed conical subset in T*P of dimension n with Dry = Dc.,. 
One has SS{F) = The maps pfy : P(ioCry) -g Dry are generically radicial. 

For k perfect pfy are birational unless p = 2 when the generic degree can also be 2. 

The proof of the theorem minus the last assertion is in 4.6 (case d > 3) and 4.7 
(case d = 2); the last assertion (in a more precise form) is checked in 4.13. 

Questions, (i) (Illusie) What would be the Picard-Lefschetz formula — how to 
describe R{it,F) on an etale neighborhood of the generic point of Daft 

(ii) More generally, if U is the strict Henselization of a variety at the generic point 
of a divisor D, then can one describe explicitly the category of those sheaves on U 
whose singular support is the union of the zero section and a given C C T*U\£,y, 
with P{C) radicial over Dul 

(iii) What would be the theory of microlocal perverse sheaves in the present setting? 
Does the codimension-three conjecture hold? 

®Since we live on a projective space this means that the cohomology sheaves come from Spec k. 



6 


A. BEILINSON 


2 Some elementary lemmas 

We collect several simple facts to be used in the proofs of the theorems from §1. 
For this section X is a smooth variety, C is a closed conical subset of T*X^ and T 
is a sheaf on X. 

2.1. Lemma, (i) The base of SS'^{T) (see 1.5) equals the support of X. 

(ii) If C € C{X), then for every C-transversal test pair {h, f) : X U ^ Y the 
map f is universally locally acyclic relative to h*X. 

(Hi) X is micro-supported on the zero section ofT*X if and only if X is locally 
constant. 

(iv) All sheaves that are micro-supported on C form a thick subcategory of D{X). 

Proof, (i) The support Z oi X evidently contains the base B of SS^{X). Since B 
is a closed subset (see 1.1) it is enough, replacing X by \ B, to show that for 
X one has SS^{X) ^ 0, which is clear since the test pair (h,/) = (idx,0) as 
in 1.5 is not J^-acyclic. 

(ii) We need to check that local acyclicity of / relative to h*X remains true after 
any base change g : Z ^ Y. First notice that it is enough to consider the case 
of smooth g: Indeed, we can assume that Y and Z are affine and, by a standard 
argument, that the scheme Z has finite type over k. Then g can be presented as 
a composition Z ^ Z' := Ay —^ Y with the first map being a closed embedding 
and the second one the projection. Then Uz '.= U Xy Z is the preimage of Z in 
Uz' ■= U xy Z', so the local acyclicity oi Uz —>■ Z relative to the pullback of X 
follows from that oi Uz' ^ Z', and we are done. 

Since C D SS^{X) we can, by (i), replace U by a neighborhood of the support 
of h*X where / is smooth. Now if ZjY is smooth, then X ■?— Uz ^ Z is a 
C-transversal pair, so Uz —> Z is locally acyclic relative to the pullback of X. 

(iii) If X is micro-supported on the zero section of T*X, then the test pair 
(idxjidx) is J^-acyclic so X is locally constant (see 1.1). If is locally constant, 
then it is micro-supported on the zero section due to local acyclicity property of 
smooth maps (see Example (i) in 1.2). 

(iv) We need to check that our full subcategory is triangulated and idempotently 

closed. Both assertions follow directly from the definition. □ 

2.2. For the definitions of tt°C and VoC see 1.2. 

Lemma, (i) If cf : Q ^ X is C-transversal and C € C{X), then (j)°C € C{(j)*X). 
(ii) Suppose we have r : X ^ Z with Z smooth and C G C{X) with base proper 
over Z. Then VoC € C(r^,X). 

Proof, (i) is evident, (ii) We need to check that any roC-transversal test pair 
{h', /') : Z -s— E T is r* J'-acyclic. Let r' : Xy := X XzV -i-V and h : Xy —> X 
be the projections. Our C contains by 2.1(i) (since C D SS'^{X)) the image of the 
support of X by the zero section of T*X. Therefore the CoC-transversality of h' 
implies that the variety Xy is smooth on some neighborhood U of the support of 
h*X. The test pair {h\u, f'r'\u) : X -(—[/—> T is C-transversal so f'r'\u, hence 
/'r', is locally acyclic relative to h*X. So, since r' is proper on the support of h*X, 
f is locally acyclic relative to r(h*X (see 3.13(i) in §3 below for the details). We 
are done since h'*r^,X = r'^:h*X by proper base change. □ 

2.3. Let C™“(J^) be the subset of minimal elements of C{X) (see 1.3).® Since T*X 

^Theorem 1.3(i) asserts that has a single element. But we did not prove it yet. 
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is Noetherian, every C € C{J-) contains some C G 

Lemma, (i) Let V be an open subset of X. IfC G then Cy G 

The map ^ C™(J'|y), C ^ Cy, is surjective. 

(ii) If TT : Q ^ X is smooth surjective and 'k°C G then C G 

fiiij If C G then the base of C equals the support of X. 

Proof, (i) Use the next fact which follows from 1.2(i): If X is micro-supported on 
C and X\y is micro-supported on C'y, then X is micro-supported on the union of 
Cx-^v and the closure of Cy in T*X. (ii) follows from 2.2(i). To prove (iii) notice 
that the base of C lies in the support of X by (i), and we are done by 2.1(i) since 
C D SS^{X). □ 

2.4. A closed conical subset C of a vector bundle V over a variety S is strict if none 
of its irreducible components lies in the zero section S' ^ V. The map C i—>■ P(C) 
is a bijective correspondence between strict closed conical subsets of V and closed 
subsets of U(V); the inverse map sends a closed subset of P(V) to the cone over it. 

Lemma. Suppose X is connected and C G If X vanishes at the generic 

point of X then C is strict; otherwise C is the union of a strict subset (which is 
the cone over P(C)) and the zero section ofT*X. 

Proof. By 2.3(i) we can replace X by the complement to the image of P(C). Then 
X is locally constant by 2.1(iii) and we are done by 2.3(iii). □ 

2.5. Let i : X ^ P he a closed embedding of smooth varieties. 

Lemma, (i) One has SS™(UJ') = ioSS^{X). 

(ii) If the sheaf i^^X on P has singular support (see 1.3), then X has singular 
support and, if k is infinite, one has SS{i^,X) = ioSS{X). If k is finite, then the 
latter assertion is true if we know that for every finite extension k' jk the sheaf 
ik'*J^k' on Pk' has singular support. 

Proof, (i) follows since (a) a function ^ on P is locally acyclic relative to if and 
only if g\x is locally acyclic relative to X, and (b) for every datum (/, x, v), where 
/ € 0{X), x G A is a closed point, and y G TfP is such that di{y) G TfX equals 
dfx, one can find Zariski locally a function g on P such that g\x = / and dgx = v. 

(ii) By 2.3(i) the claim is Zariski local. So we can assume that P is affine and 
there is an etale map x = iXn, Xm-n) '■ P —^ A™ = A" x A™”" with X = x“^(A"). 
Our X yields a splitting s = : T*X ^ T*P\x of di : T*P\x -» T*X. 

It also provides a datum (P, (f, p) = (P^, 4>xXx) '''^here ()) : P —>■ P is an etale map 
with (/)“^(A) X (so we have X ^ P that lifts i) and p : P ^ X is a retraction 
such that dp\x ■ T*X -G T*P\x equals s. Namely, consider P' := P Xa" X where 
the maps to A” are Xn and Xn\x', let </>' : P' —s- P and p' : P' —?■ A be the 
projections. Then (/)'“^(A) = A Xa" A is the disjoint union of the diagonal A and 
its complement K. Our P is P' \ K, (f and p are the restrictions of (j)' and p' to P. 

(a) Let us show that X has singular support. By 2.3(iii) the base of S'S'(AP) 
lies in A so we have a closed conical subset C := po(j)°SS{i^X) = s“^(5'5'(i*P)) of 
T*X. Then SS{X) equals C: Indeed, C G C{X) by 2.2 since X = p*())*(i*P), and 
it is the smallest element of C(P) since for any C G C(X) one has ioC' G C(AP) 
by 2.2(ii), so ioC' D SS{uX) and C' = po<?i°(ioC") D C. 
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(b) Let US prove that = ioSS{T). By 2.2(ii) one has SS{i^,T) C 

ioSS{T). By (i) and 2.1 (i) our SS{ii,T) contains the conormal bundle T^P re¬ 
stricted to the support of P (recall that SS{i^P) contains SS'^{i^P)). Suppose 
V := ioSS{P) \ ^ 0. Then we can find x G X and /i G SS(P)x \ {0} 

di 

such that the preimage in 14 of /x by T*P — T*X is not empty. 

Suppose k is infinite. Then, replacing y by gx for a sufficiently general matrix g 
of type g = id^m + A G GLm{k) C Aut(A'"), A G Matn,m-n(k) C Matm,m(k), we 
can ensure^° that /x ^ s~^(SS(i^,P)x) which is SS{P)x by (a); contradiction. 

Suppose k is finite. Consider the base change of our picture to a finite extension 
k! jk of degree prime to £, so we have the projection ttx : X^^i -G X, etc. Then P 
is naturally a direct summand of 'nx*Pk' = so SS{P) C SS{'Kx*Pk') C 

TTxoSS{Pk') C ttxoTt°xSS{P) = SS{P) (see 2.2). Thus SS{P) = TTxoSS{Pk'); 
since SS{Pk') is Gal(fc'/fc)-invariant, one has SS{Pk') = SS{P)k'- Ditto for sheaves 
on P, so SS(ik'*Pk') = SS{it:P)k'■ An immediate version of the above argument 
for infinite k shows then that for large enough k' one has SS{it.P)k' = ioSS{P)k> 
hence SS^uP) = ioSS{P). □ 

3 The upper estimate for dimS'S'(J^) 

3.1. In this section we prove the next weak version of the theorem in 1.3: 

Theorem. Every sheaf P on a smooth variety X has sinqular support. One has 
dimS'S'(J") < dimAT. 

Proof. First notice that it is enough to consider the case when X is a projective 
space P = P". Indeed, the theorem for P" implies that for A" by 2.3(i), then for a 
smooth closed subvariety of A" by 2.5(ii), then for an arbitrary X by 2.3(i). 

Now we live on a projective space P. The remaining proof has two steps: first 
we give a concrete description of SS{P), then, using it, prove the estimate. 

3.2. For a map g :Y ^ Z and a sheaf ^ on F we denote by Eg{Q) the smallest closed 
subset of Y such that g is universally locally acyclic relative to G on Y \ Eg{Q). It 
has etale local nature with respect to Y and Z. 

Theorem. Every P G I?(P) has singular support. Its projeetivization P{SS{P)) C 
P(T*F) equals the Legendre transform of Ep{p'^*R{P)) C Q. If P vanishes at the 
generic point o/P, then SS{P) is the eone over P{SS{P)); otherwise SS{P) is the 
union of this eone and the zero section of T*P. 

The proof is in 3.5; it is based on general lemmas 3.3 and 3.4. 

3.3. The Legendre transform 1.6.2 yields a bijective correspondence between closed 

subsets of P(T*P) and P(r*P^). For a closed conical C C T*P we denote by 
(jy ^ y*pv |.j^g cone over the Legendre transform of P{C) C P(T*P), and by 
C~^ C T*p the union of C and the zero section of T*P. We use the same notation 
for P interchanged with P^; thus C = C'^'^ if C is strict (see 2.4) and = (7+. 

Lemma. A sheaf P G D{F) is miero-supported on C'^ if and only if its Radon 
transform R{P) G D{F'^) is micro-supported on 


^®Use the fact that for any n 0 in A", the set {A(u), A € is dense in A*" " 
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Proof. Notice that by 1.6.2, so for C'+ G C{F) one has G 

C(R(J-)) by 2.2. The converse comes by interchanging P and P^ (since C'*' G C{J-) 
amounts to C'+ G C{R'^R{T)) by 1.6.1(i) and 2.1(iii),(iv)). □ 

3.4. Let C be any strict conical subset of r*P and let i? C Q be the Legendre 
transform of P{C). Let (/i, /) : P t— ^ F be a test pair on P. Let pu^Pu ■ Qu ■= 
U XpQ ^ U, be the projections; we have a test pair , fpu) '■ P^ Qu Y 
on P'^. Set Eu := U xp E c Qu- 

Lemma, {h, f) is C-transversal if and only ifipfj, fpu) is T*F'^-transversal at Ejj, 
i.e., the map (p'fjifpu) '■ Qu ^ P^ x F is smooth at Ejj (see Example (ii) in 1.2). 

Proof. Pick any geometric point u G U; set x := h(u), y := f{u). Then, by 
1.6.2, C-transversality of {h, f) at u means that for every e = {x,x'^) G E^ the 
map dhu + dfu ■ Xx'^x (B T*Y -G T*U is injective. The latter assertion amounts 
to smoothness of {pij,fpu) '■ Qu —> P^ x F at (u,e) G Eu, i.e., to injectivity of 
the map + d{fpu)(u,e) ■ FJ'vP^ © T*Y -G T*^^^-^Qu. To see this, notice 

that T*_^^-^Qu is the pushout of T*U T*P ^ TfQ, hence it is the pushout of 
T*U G- Xx-x ^ F:vP^ (see 1.6.2). □ 

3.5. Proof of Theorem 3.2. By 2.4, 1.6.1(i) and 2.1(iii),(iv) we can assume that 
E = R'^{Q), Q G Zl(P^). Let C C T*P be the cone over the Legendre transform of 
E := Ep{p^*Q). By 2.4 we need to show that (7+ = C'+ for every C G C™'"(J^). 

Let E' G Q he the Legendre transform of P{C'). Then P^ Q \ LI' ^ P is a 
C'^^-transversal test pair on P^ by 1.6.2. Now Q is micro-supported on by 
3.3, so, by 2.1(ii), p is universally locally acyclic relative to p'^*Q on Q x. E', i.e., 
E C E' or C'^ C C"'*". By 2.4 it remains to prove that C'^ G C{E). 

Let {h, f) ■. F ^ U F be a C^-transversal test pair on P. We need to check 
that it is J^-acyclic, i.e., / is locally acyclic relative to h*E. 

Consider the test pair iPu,fpu) '■ "S— Qu —^ Y from 3.4. One has h*E = 

h*p^,p'^*Q = pu*Pu*G by proper base change. Thus, since pu is proper, it is enough 
to show that fpu is locally acyclic relative to Pu*G (see 3.13(i) below for the details), 
i.e., that {p^, fpu) is ^-acyclic. We check this separately (a) on Qu \ Eu, and (b) 
on a Zariski neighborhood of Eu' 

(a) Since p is universally locally acyclic relative to p'^*G on Q x E our pu is 
locally acyclic relative to pffG on Qu x Eu. Since / is smooth (for C~^ contains 
the zero), fpu is locally acyclic relative to pffG on Qu x Eu by [Dl] 2.14. 

(b) By 3.4, [pfj, fpu) is T*P'^-transversal at Eu and so, by 1.2, on a neighborhood 

of Eu. Thus {pfj, fpu) is fj-acyclic by the lemma in 1.3. □ 

Remark. Let k' be any finite extension of k. Consider the base change to k' of 
the datum from 3.2. Clearly Ep^,{pff R{Ek')) = Ep{p^*R{F))k'. Thus SS{Ek') = 
SS{E)k>. By 2.5(ii) and 2.3(i) this holds for any smooth X and F G D{X). 

3.6. It remains to prove the dimension estimate from 3.1. By 3.2 it can be rephrased 
as follows (we have interchanged P and P^ in 3.2 for notational convenience): 

Theorem. For any sheaf G on P one has dim Epv (p* G) < n — 1. 

We will prove a slightly more general result with extra generic parameters (this 
generality is needed for the induction argument). Let us formulate it. 
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3.7. Suppose we have a relative version of the setting of 1.6, so there is an irreducible 
variety S and a vector bundle V on it; let P and P^ be the projectivizations of V 
and the dual bundle V^, let Q C P xg P^ be the incidence correspondence, and 
p,p'^ : Q =1 P, P^ be the projections. 

Theorem. For every Q G D(¥) there is a Zariski neighborhood S° of the generic 
point of S such that dim Epv (p*Q)go < dimP— 1. 

The proof (inspired by Deligne’s argument in [Dl]) takes the rest of the section. 

Remark. It is enough to prove the theorem with S° an etale neighborhood of the 
generic point (its image in S is then the promised Zariski neighborhood). 

We fix a closed subset D oiF, D such that Q is locally constant on P \ D. 
Since p^ is smooth, it is universally locally acyclic relative to p*G on Q \ p~^{D), 
i.e., Epv{p*g) Cp~^{D). 

Denote the rank of V by n+1, so dimP = n+dimS'. The proof goes by induction 
by n. If n = 0,1 then p and p'^ are isomorphisms, so the theorem with S° = S 
follows directly from the above inclusion. From now on we assume that n > 1. 

3.8. Let T C P be an S'-family of lines (i.e., the projectivization of a rank 2 subbun¬ 
dle of V). Set Pp,^ := {x'^ G P'^ : is transversal to T}; this is an open subset 

of P^ (its complement is an S'-family of n — 2-planes in P^). One has a smooth 
affine projection P^^^ -G T, x^ i-G t = t(x^) := Qx'j O T. For an open subset T° of 
T we denote by P^^o) the preimage of T° in P^,^ and by Q(to) the p'^-preimage of 
Pp,o^ in Q. We say that T is good ii T D. 

Proposition. For every good T there is an open dense subset T° of T such that 
dimEpv (^p*Q) fl < dimP — I. 

Proposition implies Theorem 3.7. To prove the theorem it is enough to find, after 
replacing S by an etale neighborhood of its generic point, a collection {Ua} of open 
subsets of P^ such that dim Epv{p*g) C] p'^~^{Ua) < dimP — 1 and P^ \ UC/q is 
finite over S (since due to the last property, one has then dim((5 \ L)p'^~^{Ua)) < 
dim S -I- dim Q/P^ = dimP — I). 

Let us construct Ua. We can assume that V has a trivialization such that the 
coordinate axes sections xq, ... ,x„ G P(S') do not lie in D. The S'-lines that 
connect Xi and Xj, i ^ j, are good; let r° be the open subsets as in the proposition. 
Shrinking S we can assume that all \ T? are finite over S. The promised C/q’s 
are P^^o ^ ■ (Here the set P^ \ UP^^o ^ is finite over S since any G P^ is uniquely 
determined by the datum of intersections {Qx'^ H Tij}). □ 

The proof of the proposition is in 3.II; it is is based on the next two lemmas: 

3.9. The first lemma is a general observation; its proof is in 3.12. Suppose we have 
maps of varieties f : X ^ Z, g : Y -G Z, r : X ^ Y such that f = gr and a sheaf 
X G D{X). 

Lemma, (i) If r is proper, then Eg{r^.X) C r{Ef{X)). 

(a) If, in addition, Ef{X) is finite over Y then Egij^^X) = r{Ef{X)), hence one 
has dimEg(r^,X) = dimEf{X). 
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3.10. We return to the setting of 3.8; let T be any S'-family of lines and let T° be any 
open subset of T. Consider a commutative diagram of incidence correspondences 




TT t 

\p 


P^o 


Q^To) 


Q(T°) 

rr i 


ri 



Pj-o 


Q{T°) 

■n^ 

pv 

^(To) 


\ 






'Y'O 




defined as follows. Below a; is a point of the Grassmannian Gr = Gr(2, V) of lines 
in P, C P is the corresponding line, t is a point of T°, x G P, A 

point of P^^o is a triple (t,x,x) with t,x G L^- A point of is a quadruple 

{t,x,x,x'^) with t,x G Lx C Qx'^- A point of Pt-j is a pair {t,x) with t G Lx- A 
point of Q(to) is a triple (t,x,x'^) with t G Lx C Q^v. The arrows in (3.10.1) are 
the evident projections q{{t,x,x)) = x, p^{{t,x,x,x'^)) = (t,x,x), etc. 

Lemma. Suppose T° C T \ D. Then 

(i) q'^ yields an isomorphism of the closed sets EpVq~(Tr*Q) Epv(p*Q) n Q{to). 
(a) Ep'jq~(T:*Q) is finite over 

Proof of Lemma. Since p'^q^ and p'^ are smooth maps, one has Ep'jq~{'n*Q) C 
and Epv{p*Q) C p~^{D). Now (i) follows since q"^ is an isomorphism over 
the open subset x t oi Q(to) which contains p~^{D) n To prove (ii) 

it is enough to check that is finite over Q(^t°)- This comes since r is a 

fibration by projective lines and 7r“^(Il) is a closed subset of that does not 

contain any fiber of r (indeed, 7r“^(Il) does not intersect the image of the section 
{t, X, x'^) i-A {t, t, X, x'^) of r). □ 

3.11. Proof of Proposition 3.8. Our T is good, so we have a nonempty T° as in 

the lemma in 3.10. Set Q := rT*q*G G D{f‘T°)- One has dim Epv{p*g) n (5 (t°) = 
dimEpVq~(Tr*g) = dimEpV^^^(r^,^^*g) = dimEpV^^^{p*j,o^g). Here the hrst equality 
comes from (i) of the lemma in 3.10; the second one comes from the lemma in 
3.9 applied to /C = Tr*g, f = p'^q'", g = (its conditions hold due to (ii) of 

the lemma in 3.10); the last equality comes since r*7r*^ = p*(j.o^Q by the proper 
base change applied to q*Q G DfPifo) (the left commutative square in (3.10.1) is 
Cartesian and is a proper map). 

Now notice that the bottom horizontal line in (3.10.1) is the standard incidence 
correspondence for the r°-family of projective spaces Pt° restricted to the open 
subset P^yo) of P^o (the embedding Pp.o) ^ P^o identifies x'^ with x'^ such that 

Qx'^ = P(T°)(p^^(x^))). Since dimf’To/T° = n — 1, the theorem in 3.7 is true for 
Pj'o/r® and Q G by the induction hypothesis. Therefore, after shrinking 

T°, we get dim Epv^^^ < dimP^o — 1 = dimP — 1, and we are done. □ 

3.12. Proof of Lemma 3.9. Recall the definition of acyclicity (see [Dl] 2.12). Let 
A{Z) be the collection of pairs {z, h), z is a geometric point of Z, h ia a geometric 
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point of the Henselization Z~^ of Z at z. For /, JC as above and (z, h) G A{Z) 

consider the maps of fibers -A Xzi Xh] we have the nearby cycles complex 

'■= i*RKt:Xh (this is a complex of etale sheaves on Xz that may not 
be constructible) and the evident map v Xz ^ f{X)(^z,h)\ the vanishing cycles 

complex is the cone of v. Then / is locally acyclic relative to X if 

^f{X)(^z,h) vanishes for every (z, h) G A{Z), and / is universally locally acyclic if the 
same vanishing holds for the base change {fz' '■ Xz' Z\ Xx^i ) of (/ : X Z, /C) 
by every Z' jZ. 

For Z' jZ and (z', h!') G A(Z') let S{Z' jZ, (z', h'), /, X) be the image by Xz' X 
of the support of the complex ^ fz,{Xxz,)(z',h')- We see that Ef{X) is the closure 
in X of the union of subsets S{Z' jZ, (z', h'),f, X) for all Z'/Z, (z', h') G A{Z'). 

For g, r as above with r proper one has $g(r*/C )(2 = Rtz*^ f{X.)(^z,h) by 

the proper base change. The same is true after the base change by every Z'jZ. 
Thus S{Z'/Z,{z',h'),g,r,:X) C r{S{Z'/Z,{z',h'), f,X)) and 3.9(i) follows since r 
is proper. 

Suppose, in addition, that r is finite on Ef{X). Each $/(/C)(z,/i) is supported 
on Ef{X)z- So, by the proper (or rather finite) base change, for every geometric 
point y G Yz one has (‘hg(?'*A^)(z,?i))y = ©(‘b/(/C)(z,/i))a: where x runs the finite 
set Ef{X)y. Hence the support of ^g{rt:X)(^z,h) equals the rz-image of the sup¬ 
port of ^f{X)(^z,h)- The same is true after the base change by any Z'/Z. There¬ 
fore S{Z'/Z, (z', h'),g, r*/C) = r{S{Z' jZ, (z', h'), f, X)) and 3.9(ii) follows since r is 
proper. □ 


4. The singular support and the ramification divisor 

In this section we prove the theorems from §1. The key one is the theorem in 
1.7. Here is an outline of its proof (minus the last assertion): 

We follow the notation from 1.7. It is enough to treat the case when T is an 
irreducible perverse sheaf. Let F C P be its support and let be the irreducible 
components of C := SS{E). By 3.1 one has dimC < n = dimP. Then D is 
the image of P{ioC) in P'^. The geometry of the Veronese embedding shows that 
the images Dj of P(ioCj) are distinct irreducible components of D and the maps 
P{ioCj) —>■ are generically radicial (so dimP(zoC^) = Nj, — n — 1 + dimC-,, 

equals dimD.y). One of the C'-,,’s is the conormal bundle T^P; it has dimension n, 
so the corresponding Dy is a hypersurface. Let Q be the nonconstant irreducible 
constituent of .R(J^), see 1.6.1(iii). Then either (a) SS{Q) = {ioCY, or (b) SS{Q) = 
{ioCY~^ (see 3.3). In case (a) the support of Q equals D-, since it is irreducible, one 
has C = TyP. In case (b) Q is the middle extension of an irreducible local system 
at the generic point of P, D is its ramification locus, which is a divisor, and so each 
Cy has dimension n. 

Below is the detailed story. We begin with preliminary lemmas (see 4.1-4.5). 

4.1. Let V be a smooth variety. For a closed subset Y of V we denote by TpX a 
closed conical subset of T*X defined as follows. If Y is generically smooth,i.e., 
contains a dense open smooth (over k) subscheme Uy, then TpX is the closure in 
T*X of the conormal bundle T^^X to Uy. Otherwise one can find a finite extension 
k' (which we can choose to be purely inseparable) of k such that Y^' C X^' satisfies 
the above condition over k', so we have TY,Xk' C T*Xk' = {T*X)k', and we define 

Which is always true if the base field k is perfect. 
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TyX as the image of Ty^^Xk’ by the finite projection T*Xk' T*X. The above 
definition does not depend on the choice of k'. li X is connected and Y ^ then 
dim TyX = dimX. 

Lemma. IfY is the support of X € D{X), then TyX C SS{F). 

Proof. If Y is generically smooth, then we can shrink Uy as above so that X is 
locally constant on it, and the claim follows from 2.1(iii), 2.3(iii), and 2.5(ii). For 
a general Y use Remark in 3.5 to reduce to the generically smooth situation. □ 

4.2. Let TT : Q —^ P be a map of varieties; assume that P is irreducible. For a > 2 
we denote by the complement to the union of all pairwise diagonals in the 
a-fold fiber product Qf of Q over P.^^ We say that a (not necessary pairwise 
different) closed irreducible subsets Zi,... , Za oi Q intersect well relative to it if 
the dimension of every irreducible component of {Zi Xp ... Xp Za) H is equal 
to (E dim Zi) — (a — 1) dimP = dimP — E(dim P — dim Zi). 

Recall that a generically surjective map Z ^ T with Z irreducible is .small (in 
the Goresky-MacPherson sense) if dim(Z Xp Z \ A{Z)) < dimZ; here A is the 
diagonal embedding. Notice that such a map is generically radicial over T. 

Lemma. Suppose tt : Q ^ P is proper. 

(i) If Z C Q intersects well relative to tt with itself and dimZ < dimP, then the 
map Tr\z ■ Z —>■ 7r(P) is small. 

(ii) Suppose Zi, Z 2 intersect well relative to tt, Z\ is generically finite over 7r(Zi), 
and dimZ 2 < dimP. Then Zi C Z 2 if (and only if) 7r(Zi) C Tr{Z 2 ). 

Proof, (i) follows since dim(Z Xp Z y X{Z)) = dimZ + (dimZ — dimP). Let us 
check (ii). Since dim(Zi Xp Z 2 \ A(Zi n Z 2 )) = dimZi + (dimZ 2 — dimP) < 
dimZi = dim7r(Zi), the fiber of Zi Xp Z 2 \ A(Zi n Z 2 ) over the generic point of 
tt{Zi) is empty. Thus 7r(Zi) C 7r(Z2) implies that the fiber of Zi fl Z 2 over the 
generic point of 7r(Zi) is nonempty. Hence dim(Zi n Z 2 ) > dim7r(Zi) = dimZi, 
and so Zi 11 Z 2 = Z\ since Z\ is irreducible, i.e., Z\<1 Z 2 . □ 

We say that a collection S of closed irreducible subsets of Q intersects m-well 
relative to tt, m > 2, if every a (not necessarily pairwise different) elements of S, 
where m > a > 2, intersect well relative to tt. 

4.3. We return to the situation of 1.7 and follow the notation there. So we consider 

the Veronese embedding i = : P ^ P of degree d > 2, P^ = P(V^), V'^ = 

F(P, 0(d)). A closed conical subset C of T*P yields a strict closed conical subset 
ioC of T*P (see 2.4), so we have P(ioC') C P(T*P) ^ Q and the projection 
Pp : P{ioC) -» Dc C P^. If C is irreducible, then so are ioC, P{ioC), Dq- 

For a fc-point x of P, where k/k is any algebraically closed field, let be its 
first infinitesimal neighborhood in P^ and let Jx be the vector space of sections of 
0{d) on Let px : = r(P^,(!I(d)) —Jx be the restriction map. 

Assume that m > 2. Consider the following condition {*)Tn,d' 

For every collection of pairwise distinct points xi,... , Xm, the product of the pxi 
mapsi3 -.VS ^ Jx,x ...X Jxm surjective. 

a geometric point of Qp ^ is a collection (qi ,... , qa) of pairwise distinct geometric points 
of Q such that '7r(q'i) = ... = 7r{qa). 

^^In other words, ^ ^ is the restriction map r{¥,0{d))^ —)■ (9(d)). 
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Notice that for a given m condition is satisfied for large enough d. 

Lemma. implies that the collection of all subsets {P{ioC)}, C is a closed 

conical subset o/T*P, intersects m-well relative to fp : Q 

Proof, (i) Let us describe {P{ioC\) X pv ... X pv -P(*oCa)) explicitly. 

Let J be the vector bundle on P with hbers Jx', we have an evident exact sequence 
of locally free sheaves 0 —>■ flp{d) —>■ J —>■ 0{d) —I 0. Let P^“) C P“ be the 
complement to the union of all pairwise diagonals in the product of a copies of 
P and let Jp(„) be the restriction of the exterior product of a copies of J to P(“^. 

Consider the map of vector bundles —>■ J“(„) whose fibers are ^ ^. 

Since Ci are conical they yield closed conical subsets C' in the Op(d)-twisted 
cotangent bundle r'*P hence in J (see above). The restriction {C[ x ... x C^)p(a) 
of the product of C'’s to P^“) is a G((j-invariant closed subvariety of Jp(a)- Thus 
X ... xC^) p(a)) is a closed conical subset of Its projectivization 

equals (P(zoC'i) Xpv ... Xpv PiioCa)) n 

(ii) Assume (*)m,d holds and a < m. Then is a surjective morphism of 
vector bundles. The dimension of its kernel is + 1 — a{n + 1). Below we view 
as a smooth surjective map of smooth varieties whose fibers are affine planes 
of dimension Nd + 1 — a(n + 1). 

All irreducible components of {C[ x... x C^)p(a) have dimension E dim Ci. Hence 
those of X ... X C^)p(a)) have dimension + 1 — a(n+ 1) + S dim Ci = 

Ad + l — S(n+1 — dim Ci) = + 1 — S {Nd + 1 — dimzoCi). Therefore, by (i), 

all irreducible components of (P(zoCi) Xpv ... Xpv P{ioCa)) have dimension 

dimP^ — E (dimP^ — dimP(zoCi)). We are done. □ 

4.4. For our aims we need the case of m = 2 in 4.3. 

Lemma. Condition {*) 2 ,d holds for every d > 3. 

Proof. Induction by n. If n = 1, then the assertion is evident. Suppose n > 1. For 
distinct points xi, X 2 of P = P", choose a hyperplane H = P"“i passing through 
them. Let J^. be the sections of 0{d) on the first infinitesimal neighborhood of Xi 
in H. The exact sequence of sheaves 0 —>■ Cp(d — I) —>■ Ov{d) —?> Onid) —>■ 0 yields 
the short exact sequences 0 ^ r(P, C(d— I)) —>■ r(P, C(d)) —)■ r{H,0{d)) 0 

and 0 —>■ Op{d — l)xi Jxi Jxi 0- Since the lemma for H is known by the 
induction, we are done by the surjectivity of the restriction map r(P, 0{d — I)) —>■ 
0{d-l)x,xO{d-l)x,. □ 

4.5. Assume that d > 3. Combining 4.2-4.4 we get the next result: 

Proposition, (i) If C is any closed conical irreducible subset o/r*P of dimension 
< n, then the map Pq : P{ioC) Dq is small, hence generically radicial. 

(ii) Let C be any closed conical subset of r*P of dimension < n. If Cy is an 
irreducible component ofC, then := Dc.., is an irreducible component of Dc, and 
C.y D.y is a bijective correspondence between the sets of irreducible components 
ofCandDc- □ 

The next observation will not be used in the sequel; the reader can skip it. For 
{x, v) G P(T*P) let P(x,v) C P^ be the linear projective (IV — n)-subspace formed 
by all degree d hypersurfaces in P that pass through x G P and have the conormal 
direction v G P(T*P) at it. 
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Lemma. An irreducible hypersurface D in comes from some irreducible conical 
subset C of dimension n in T*P if and only if D is either the discriminant hyper¬ 
surface (then C is the zero section of T*]P) or D is spanned by all the subspaces 
P(x,u) o,s above that lie in D. 

Proof, li D = Dc, then D is the union of the subspaces P(x,v) for {x,v) G P{C) 
and of the projectivized conormals to P in P at points x of the base of C. If C is 
not the zero section of r*P, i.e., the base of C is not P, then the span of the latter 
subspaces has dimension < iV — 1, hence D is spanned by P(x,v)- 

Conversely, for an irreducible hypersurface D, consider the closed subspace Ku 
of P(r*P) formed by those {x,v) that P(x,y) lies in D. If D is spanned by P(x,v)^ 
then dim + {N — n) > dim D = N —1, i.e., dimiA^i > n — I. Pick any irreducible 
P{C) C Kd oi dimension n — 1. Then the hypersurface Dc lies in U, so Dc = D 
by the irreducibility of D, and we are done. □ 

4.6. Proof of Theorem 1.7 (except for its last assertion): case d >3. We follow the 
notation of 1.7. 

(i) It is enough to prove the theorem when T is an irreducible perverse sheaf: 

Indeed, for any T G I?(P) let {Pa} be the (perverse) Jordan-Hdlder constituents of 
P, i.e., all irreducible perverse sheaves that occur in some ^TTP. Suppose we know 
the theorem for all Pa] let us prove it for P. Clearly {i.tPa} are the Jordan-Holder 
constituents of They are not locally constant; let Ga be the single not locally 
constant Jordan-Holder constituent of R{it,Pa), see 1.6.1 (hi). Then {Ga} is the 
set of not locally constant Jordan-Holder constituents of R{it,P) by 1.6.I(ii), so 
Djr = Uq This implies all the properties of Djr from the theorem. 

It remains to check that SS{P) = Uq- SS{Pa). One has SS{P) C UqS'S'(J^q) by 
2.1(iv). If the inclusion is strict, then SS{P) does not contain the generic point of 
an irreducible component C-y of some SS{Pa). Since C-y is uniquely determined by 
the corresponding divisor Uy, we see that the image of {ioSS{P)Y = SS{i^,PY 
(see 2.5) in P^ does not contain the generic point of Uy, i.e., R{it,P) is locally 
constant there which contradicts Djr = Uq . 

(ii) For the rest of the proof we assume that our P is an irreducible perverse sheaf 
on P. Set C := SS{P')] by 3.1 this is a closed conical subset of T*P of dimension 
< n. Let Cy be the irreducible components of C. By 2.5 one has ioC = SS{ii,P) 
so, by 2.4 and 3.3, SS{R{it:P)) equals either (ioC)'^ or (ioC')^+. Thus D = Djr 
is the base of {ioC} which is Dc. By 4.5 the map Cy i-A Cy := is a 1-1 
correspondence between the irreducible components of C and C, the projection 
Py : F(ioCy) ^ Cy is small, and Cy is the only closed conical subset of T*P of 
dimension < n such that the Cq^ = Cy. So to prove the theorem it remains to 
check that C is a divisor. 

(iii) Since P is irreducible its support Y is also irreducible. Then SS{P) contains 
TyP (see 4.1). Since dimT^P = n, our TyP is an irreducible component of C. Let 
G be the irreducible perverse sheaf subquotient of P'H^R{i^,P) which is not locally 
constant (see 1.6.1(iii)). Then SS{G) equals either (ioC)^ or (ioC)^+ (see (ii)). So 
the support of G contains Z := Ct*p. Since dimP(fo7yP) = Nd — 1, 4.5 implies 
that Z is a hypersurface. Since G is irreducible its support is also irreducible, hence 
it equals either Z or P^. 

use the fact that on a smooth variety every perverse subquotient of a locally constant 
perverse sheaf is locally constant. 
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(iv) If the support of G equals Z, then D = Z, so it is a divisor. Notice that 
since D is irreducible then so is C (see (ii)), i.e., C = TpF. 

If the support of G is , then G is the middle extension of a local system Gtj at 
the generic point of . Therefore P'^ \ D is the maximal open subset to which Grj 
extends as a local system, hence D is a divisor (the ramification divisor ot Gtj)- Q 

4.7. Proof of Theorem 1.7 (except for its last assertion): case d = 2. In this section 
f : P ^ P is the Veronese embedding of degree 2. We already know that all the 
components C-y of C := SS{iF) have dimension n. Since Djr is the base of [ioCY 
by 2.5 and 3.3, the theorem follows from 4.2 and the next result: 

Proposition. Let Ci, C 2 be any irreducible conical subsets 0 /r*P of dimension 
n. Then the subsets P{ioCi), P{ioC 2 ) of P{T*F) = Q intersect well relative to p'^ 
(see 4 . 2 ) unless Ci coincide and equal to the conormal bundle Tp;P to some linearly 
embedded projective subspace P' o/P of dimension > 1. The projection of P{ioTp,F) 
to its image in P^ is generically radicial. 

To prove the proposition, we need the next lemma. We use the notation from 
4.3 for d = 2. Let xi, X 2 be two distinct fc-points of P. 

Lemma. The image of : VZ -p- x has codimension 1. Its intersec¬ 

tion with T'f'F X T'fjF is the preimage of the diagonal k C k x k by the restriction 
map T(*P X T,(*P -» T^L x T^L = k xk where L = L(xi, X 2 ) is the projective line 
that connects xi and X 2 . Here the latter identification comes since = Opi. 

Proof. The case n = 1 is checked directly; then use the induction argument from 
the proof in 4.4. □ 

Proof of Proposition. Let V C P be the base of Ci. Suppose that P{ioCi) and 
P(ioC 2 ) do not intersect well relative to fp A simple modification of the proof 
in 4.3 combined with the codimension 1 assertion from the lemma shows that this 
happens if and only if, for all pairs of distinct points xi G hi, X 2 G 12 , the product 
of the fibers CY^ x CY^ C L!(*P x T(*P is contained in the image of Since 

this product is Gm x Gm-invariant, by the lemma, this amounts to the fact that the 
images of Ci^i in T*.L(xi, X 2 ) are both equal to 0. Which means that Cia,, C TfF 
lies in the orthogonal complement to the vector subspace Fix^ of T^Y’ generated 
by the tangents at Xi to lines L{x\,X 2 ) for all X 2 G Y 2 , plus the same condition 
with indices 1 and 2 interchanged. Notice that: 

(a) One has dim Cixi < dim FY^ and the equality means that Cixi = FP .. 

(b) One has dim42 < dimfi^^j and the equality means that 42 coincides with the 
linear projective subspace of P spanned by the lines L(xi, X 2 ) for all X 2 G 42, i-C., 42 
is a linear projective subspace of P that contains xi. The same holds with indices 
1 and 2 interchanged. 

If Xi are general enough, then dimCi^i + dim 47 = dimCi = n. Since dim Tix, + 
dimifP. = n, we can rewrite the inequality in (a) as dim < dim 47. Combining 
it with (b) we see that the inequalities in (a) and (b) are equalities. Therefore 47 
coincide and are equal to a linear projective subspace P' of P, dimP' > 0, and Ci 
are both equal to the conormal bundle Tp/P. 


^®Notice that this evidently excludes the situation when dimYi = dim 12 = 0. 
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It remains to check the last assertion of the proposition. A point of P{ioTp,F) is 
a pair {x, x'^), x G P', G P^, such that either Q-v := nP' equals P' or this is 
a quadric that contains a; as a singular point. The projection to P'^ is {x, x'^) x'^. 

We are done since a generic singular quadric has single singular point. □ 

Remark. For P' as above the dimension of P{ioTp,F) Xpv P(zoTp/P) \ A(P(iorp,P)) 
equals dim P(zorp,P), so the projection of P(ioTp/P) to its image in P'^ is semi-small. 

4.8. A reminder about pencils. We need a variant of the classical Lefschetz pencils 
story from [Katz]. We are in the setting of 1.7 and follow the notation there. Let 
C be any irreducible closed conical subset of T*P of dimension n; set D := Dc. 

(i) For a line L in P^ set Q l ■= Q Xf L C Q; let ttl ■ Q l ^ L be the projection. 
Let Ul CFhe the complement to the axis of L. The map : Ql ^ P is an 
isomorphism over Ul so we have the inverse open embedding jT : Ul Ql and 
hence Jl ■= t^lJl '.Ul^L. The map /l is smooth; the embedding Ul ^ Ql ^ 
Q ^ P(T*P) sends x gUl to the conormal to the fiber of Jl passing through x. 

(ii) Set Ul ■= i~^{UL) C P, /l := /lz. Let x be point in Ul. Pick a linear 

coordinate t on L regular at /^(a;). The composition f(L,t) •= ^(/l) is a function 
on a neighborhood U of z(a;) in Ul, so f(L,t) •= is a function on U := i~^{U). 

One has P{ioC)fj O Ql •P df(^L,t){U) n ioC ^ df(L,t){U) n C. 

(iii) Pick a hyperplane H C F that does not contain x. We refer to functions 

on P \ iJ as polynomials. Writing Op{d) ^ Op{dH) we identify r(P, Op(d)) with 
the vector space of polynomials of degree < d, so P^ is its projectivization. One 
has f ( L . t ) = where <71,92 are nonzero polynomials of degree < d such that 

(<7i),(<72) G L C P^, t{{qi)) = 0, t((<72)) = 00 . Conversely, if < 71 , <72 are any non¬ 
proportional nonzero polynomials of degree < d and < 72 ( 3 ;) 7 ^ 0, then < 7 i /<72 G Ofx 
equals f ( L , t ) for some (L,t) as in (ii). 

(iv) Consider the closed conical subset (zoC)^ of r*P^ of dimension N with base 
D (see 3.3). Let 3U be a closed point ot Lr\ D. Then the embedding L ^ P^ is 
(zoC')^-transversal at if and only if the fiber P{ioC)xv lies in Ul. Since Ul is 
affine this implies that P{ioC) -G D is finite hence radicial at x'^. 

4.9. Proof of Theorem 1.5. By 2.5 and 2.3(i) the case of general X is reduced to 
the case X = A" then to A = P. So we are in the setting of 1.7, and we use the 
notation from there. 

(i) Since SS^{T) C SS{P), to prove the equality it is enough to find for every 
component of C = SS{P) and its open dense Gm-invariant subset W a datum 
(x, U, f) where a; is a closed point of P, C is a Zariski neighborhood of x in P,^® 
and / is a function on U such that df{x) G Wx and <j)f{T)x 7 ^ 0. 

(ii) Recall that D.y := Dc.., is a component of the divisor D = Dj: and the 
map pf^ : P{ioC^) —> is generically radicial. Our W yields an open dense 
subset P{ioC.y)w in P(zoC'.y) defined as the image of W by the correspondence 

T*P < — T*P|p \ {zero section} —7 P(r*P|p) C P(r*P). Choose an open dense 
subset D° of such that P{ioCj)° := p'f^~^{D°) —7 D° is radicial, D° does 
not intersect other components of D, the sheaf 7 ?(z*A')|l)° is locally constant, and 
P{loC.yy C P{ioC.y)w 

r®Here we assume that k is infinite; otherwise U C Pfc' for a finite extension k' of k, see 1.5. 
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By Bertini the lines L in that properly intersect at points of D° and such 
that the embedding L ^ is (toCty)^-transversal form a dense open subset of the 
Grassmannian of lines. So one can pick one such L defined over k ii k is infinite or 
over a finite extension k' of fc if fc is finite. Pick a point in L fl = LCi D° and 
let (i(x),x'^) be its preimage in P{ioC)°. Due to the (ioC^)^-transversality, i{x) 
does not he in the axis of L, i.e., x G Ul (see 4.8(iv)). Pick t and a neighborhood 
U C Ul oi X as in 4.8(ii), and set / := f(L.t)- Then (x, U, /) is the promised datum 
from (i). Indeed, df{x) G Wx since P{ioC^)° C P{ioCj)w (see 4.8(ii)). It remains 
to check that (f)f{P)x ^ 0. 

(iii) Let L° be the complement in L to the finite set (D fl L) \ set := 
Ql X-l L° = Q Xp L°. Since : Q —1 P^ is universally locally acyclic relative to 
p*i^:P on Q \ P{ioC), we see that the projection ttlo : Qj^o L° is locally acyclic 
relative to on the complement to {(f(a;), H P{ioC). Since 

i?(f*-F)|Lo = by the proper base change and tt^o is proper we 

see that 4>f(P)x is equal to the vanishing cycles of R{i^T)\L at x'^. The latter is 
nonzero for R{i^P)\L is not locally constant at x'^ (which follows since R{i^P)\D° 
is locally constant but R{itP) is not locally constant at D°). We are done. □ 

4.10. Proof of the theorems 1.3(u) and l.f. Assertions 1.3(ii) and 1.4(iii) for general 

X reduce, using 2.5(ii) and 2.3(i) (or 2.5(i) and 1.5), to the case of AT = P. Here 
they follow from the description of SS{F) of the theorem in 1.7. To check 1.4(ii) 
we can replace, by the theorem in 1.5 (see 4.9), SS by S'S'™; now the claim follows 
from perverse t-exactness of functors pf. Finally let us prove 1.4(i). One has 
SS(7r*J') C 'k°SS{T) by 2.2(i). As above, we prove the inverse inclusion with 
SS replaced by SS™. Now (see 1.5) SS™(J^) is the closure of the set of points 
{x,df{x)) G T*X where x G X and / is a function on a neighborhood of x which 
is not locally acyclic relative to -F at a; (with changes as in loc.cit. for finite k). If 
(x, df{x)) is as above, z G 7r“^(a;), then fn is not locally acyclic relative to at 
z (since tt is smooth) hence (z, c?(/7r)(z)) G SS™(7r*J^). We are done for Tr°SS{P) 
is the closure of the set of such points (z, d{fn){z))f'^ □ 

4.11. A linear algebra lemma. The aim of the rest of the article is to prove the last 
assertion of Theorem 1.7. We assume that the base field k is algebraically closed. 

Let IT be a /c-vector space of dimension 2n, oj a symplectic (i.e., alternate non¬ 
degenerate) form on IT. If p (the characteristic of k) equals 2 then let k be a 
quadratic form on IT whose polarization equals to. 

A vector subspace £ of IT is said to be uj-isotropic, resp. K-isotropic, if to, resp. k, 
vanishes on it. Denote by Gr“ = Gr“(lT), resp. Gr” = Gr"'(lT), the Grassmanians 
of w-isotropic, resp. K-isotropic subspaces of IT of dimension n. The Grassmannian 
Gr“ is irreducible, and Gr” C Gr™ has 2 connected components: the subspaces 
Pi, jC .2 G Gr"' lie in the same component if and only if dim Cl/{Cl O £ 2 ) is even. 

Lemma. Let V be any vector subspace ofW of dimension n. 

(i) There is £™ G Gr™ complementary to V. 

(ii) For p = 2 there is £” G Gr"' complementary to V. 

(iii) IfV is not K-isotropic, then C^’s as in (ii) occur in both components o/Gr”. 

^^Use the fact that for any subset A C T*X one has 11 °A = 7r°A where “ means the closure 
(which follows since tt is open and diz : T*X Xx Z —y T*Z is a closed embedding). 
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Proof, (i) Let us construct Set Vq := V (1 V-^ (here ■*- is the orthogonal 
complement for to) and pick Vi C 1^ complementary to Vq. Pick an w-isotropic 
Vf C Vf- such that the w-pairing between Vq and Vf is nondegenerate. Set V 2 := 
{V © Pick an isomorphism g '■ Vi ^ V 2 such that g*uj\v 2 = (it exists 

since dimVi = dimV 2 and uj is nondegenerate on V 2 and Vi); let G C Vi © V 2 be 
the graph of g. Set C‘^ := Vf © G. 

(ii) Pick an as in (i). If it is K-isotropic we are done. If not then, since u) 

identifies V with the dual to there is a nonzero v € V such that for I G one 
has k{ 1) = u){v, 1). Set £q := , pick any I G \ jCq, and let P be the plane 

generated by v and 1. Since wjp is nondegenerate, k vanishes on exactly two lines 
in P; let £ be one of these lines that does not contain v. Set := £ ® £q . 

(iii) We construct Cl, C 2 as in (ii) such that dim(£?(/£” n £ 2 ) = 1 so they 

belong to different components of Gr"^. Pick an as in (ii). Pick v G V such 
that k{v) ^ 0. Set £g := u-*- fl £'^, pick any I G \ Cq, and let P be the plane 
generated by v and 1. Since wjp is nondegenerate, k vanishes on exactly two lines 
£i and £2 in P. Set £f := £i © £g. □ 

Remark. £“ and £” as in the lemma form Zariski open subsets of Gr“ and Gr"^. 
By the lemma, they are dense unless p = 2 and V is K-isotropic and we deal with 
Gr”: here the closure of our open subset is one of the two components of Gr”. 

4.12. For a smooth variety X, dimX = n, consider the tangent bundle T{T*X). 
Let T'"{T*X) := T(T*X/X) be its vertical subbundle, so for (x, v) G T*X one has 
an evident canonical identification TfX ^ ^,^{T*X), p n- gC. A function / on 

an open subset U oi X yields a section df : U ^ T*X; we denote by f : TU -G 
T{T*X) its differential. So for (x, p) € T*X, every / with df{x) = v yields a direct 
sum decomposition '■ TfX © T^X ^ £( 3 , j,)(r*A), af^x{g,T) := gC + d^"^^ fir). 

Recall that T*X is naturally a symplectic manifold, so T{T*X) carries a canon¬ 
ical symplectic form w. It vanishes on T'"{T*X) and on the image of d^"^^f for 
every /. Explicitly, Uf^x identifies with the standard symplectic form on 

TfX © TxX. 

If p = 2, then T(T*X) carries a canonical quadratic form k such that the polar¬ 
ization of K equals w and k vanishes on the image of every ([/, /) as above. 

Our K is uniquely defined by these properties; it vanishes on T'"{T*X). Explicitly, 
one has K(a/_a;(/r,r)) = /r.(r). 

Lemma. Let C be a vector subspace ofT(^x,v){T*X) complementary to ^^(T*A). 
Then £ can be realized as the d^^^ f-image of TxX for some f G Oxx, df{x) = v, if 
(and only if) £ is uj-isotropic for p 2 and £ is K-isotropic for p = 2. 

Proof. We pick local coordinates with x = 0 and identify functions on TxX with 
polynomial functions of coordinates. Our / is the sum of a linear term equal to n 
and a quadratic function q. Then f is the graph of the polarization of q. 

Our £ is the graph of a bilinear function B. The condition of the lemma means 
that B is alternative, and so B is the polarization of some q. We are done. □ 

Let G be an irreducible closed conical subset of T*X of dimension n and let (x, v) 
be a closed point of Creg. For / G Oxx such that (x, v) is an isolated intersection 
point of G and df{U),^^ let (C, df)(xx) be the intersection index of these subvarieties 
at (x, p) in T*X. Thus {G,df)(^x,v) = 1 means that the intersection is transversal. 


^®Here C/ is a neighborhood of x where / is defined. 



20 


A. BEILINSON 


Proposition.^® (i) One can find f £ Oxx with = 1 */ and only if the 

next condition (*) is not satisfied: 

(*) p = 2, Tf^x,i^)C is K-isotropic, and the rank of the map T(^x,u)C —>■ T^X is odd. 
(a) In the situation of (*) one can find f £ Oxx with iC,df )= 2. 

Proof, (i) By the lemma one can find / as in (i) if and only if there is an w-isotropic, 
or K-isotropic if p = 2, subspace C of T(^x,u){T*X) complementary to both T(^x,u)C 
and ^.^{T*X). Let us try to find such an C. 

By Remark in 4.11 applied toW = T(^x,u){T*X), our C always exists unless p = 2 
and T(^x,v)t^ is K-isotropic. In the latter situation it exists if and only if T(^x,v)t^ snd 
lie in the same component of Gr"^, i.e., 
has even dimension. We are done. 

(ii) Suppose {*) holds so T(^x,v)C and ^^{T*X) lie in different components of 
Gr”. Then £'^’s with dim(£'^ fl ^.^(T*xj) = 0 and with dim(£'^ PI T(^x,v)C) = 1 
form dense open subsets of the same component of Gr'^. So there is that satisfies 
both conditions; pick it. Set £ := C\ T(^x,v)C- 

Let 5 i, ... ,gn £ Ot-^x (x,v) be local equations of C near {x, v) so dgi{{x, v)) form 
a base of the conormal to C at {x, v). We can assume that dgn{{x, v)) vanishes on 
C^. Then the restriction of {dgi{{x, K))}i<„_i to is a base of the dual to £”/!'. 
Since dgn{{x,v)) vanishes on both Lagrangian subspaces and T(^x,i^)C one has 
dgn{{x, v)) = u}{f, ■) for some generator f of the line t, let r be its image in TxX. 

Consider the set S oi f £ Oxx with df{x) = v and d^^^ f{TxX) = by the 
lemma it is not empty. For f £ S set ri = rfi := gfidf) £ Oxx- Then ri(x) = 0, 
{dri{x)}i<n-i is a base of C TfX, and drn{x) = 0. Let Z = Zf he the (germ 
of) smooth curve passing through x defined by equations ri = ... = r„_i = 0; its 
tangent line TxZ C TxX is generated by r. 

One has {C,df)(^x,u) = d\m.Oxx/TOxxri = AimOzx/Ozxrn, so we look for 
f £ S with rn\z having zero of order 2 at x. If / we started with does not fit the 
condition, then we modify it as follows. Pick any a £ Oxx such that a{x) = 0 and 
T{a) 7 ^ 0. Then f' := f + a® is what we need. Indeed, df = df + of da, so /' £ S. 
Set r' := rpi, Z' := Z//, etc. One has dr'fix) = drfix) and equals r„ -|- a^T(a) 
modulo the cube of the maximal ideal of Oxx- Since Z' is tangent to Z at x, rn\z' 
has zero of order > 2 at x. So r'j^\z' has zero of order 2; we are done. □ 

4.13. Proof of the last assertion of Theorem 1.7. We are in the setting of 1.7. Let 
C be any irreducible closed conical subset of T*P of dimension n, D := Dc- 

Proposition. The map pQ : P{ioC) -£ D is birational if p 2. If p = 2, then pQ 
can also be of generic degree 2. The latter happens if and only if C is K-isotropic^^ 
and for (x, v) £ C^eg the rank of the map T(^x,u)C —)■ is odd.'^^ 

Example. If G = TyP, then pQ is not birational if and only if p = 2, dimT is odd. 

Proof. We know that p^ is generically radicial. Let D° be a dense open subset 
of Dj-eg such that pQ is flat (hence radicial) over it, and the scheme P{ioC)° := 
P{ioC)D° is smooth. For a closed point G D° there is a unique a; G P with 

^®Inspired by a discussion with Deligne. 

^°I.e., K vanishes on TCreg C T(T*P). 

^^The parity of the rank does not depend on the choice of (x, u) G Cieg- it is odd if and only 
if 3-ud r’'(T*P) lie in the different components of Gr''(T(j. ,^)(r*P)). 
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(i(x),x'^) € P{ioC) C Q. The scheme-theoretic fiber P{ioC)x'J is a finite scheme 
supported at its order is the generic degree <5 oipQ. 

We use the notation from 4.8. Let L be a line in that intersects D at x^ 

transversally and such that L ^ P'^ is (ioC')^-transversal at xP. Then, by 4.8(iv), 
one has x G Ul] choose t and U as in 4.8(ii) so that U does not intersect any 
other critical fiber Qy, y G L Ci D, y p SP. One has P(toC')jv = P(ioC)fj fl Ql = 
df{L.t){U)f^C (the first equality comes since L intersects D° at x'^ transversally, for 
the second one see 4.8(ii)). Thus i5 = since:/ := d/(L,t)(a;) € Creg. 

Set X := P \ iJ for iJ as in 4.8(iii); we view it as a vector space with a; = 0. 
Due to 4.8(iii) we are reduced to the next assertion: For every v G Cregx C T*X 
one can find / as in the proposition in 4.12 such that / = qi/q 2 where qi, q 2 
are nonzero non-proportional polynomials of degree < d, q 2 {x) p 0. To check it 
look at the proof in 4.12 (we follow the notation there). Since / with df{x) = i/, 
d<-Pf{TxX) = £, can be chosen to be a quadratic polynomial f = v + q (see the 
lemma in 4.12), this solves our problem in case (i) of the proposition in 4.12. In 
case (ii) of loc. cit. we look for / such that rfn\z; has zero of order 2 at x. We start 
with f = v + q as above. If it does not satisfy the condition, we modify / as follows. 
Pick a linear function a such that T{a) p 0. The cubic polynomial f' = v-\-q + a^ 
is a solution for d > 3. For d = 2 we find a solution /" which is the ratio of a 
quadratic polynomial and a linear one: Namely, we can assume that q\zf has zero 

of order 2 at a; (otherwise replace qhy q-\- a^); then our /" is :/ -I- ^(l -I- a)“^. □ 
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